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Abstract 

The Morita equivalence for field theories on noncommutative two-tori is analysed in detail 
for rational values of the noncommutativity parameter (in appropriate units): an isomor- 
phism is established between an abelian noncommutative field theory (NCFT) and a non- 
abelian theory of twisted fields on ordinary space. We focus on a particular conformal field 
theory (CFT), the one obtained by means of the m-reduction procedure pQ, and show that 
it is the Morita equivalent of a NCFT. Finally the whole m-reduction procedure is shown 
to be the image in the ordinary space of the Morita duality. An application to the physics 
of a quantum Hall fluid at Jain fillings v = 2p m+i IS explicitly discussed in order to further 
elucidate such a correspondence and to clarify its role in the physics of strongly correlated sys- 
tems. A new picture emerges, which is very different from the existing relationships between 
noncommutativity and many body systems [2]. 
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1 Introduction 



Noncommutative field theories (NCFT) have attracted much attention in the last years because they 
provide a non trivial generalization of local quantum field theories, allowing for some degree of non 
locality while retaining an interesting mathematical structure [5] . Really they should be viewed as living 
somewhere between ordinary field theory and string theory. Indeed they naturally arise as some low 
energy limit of open string theory and as the compactification of M-theory on the torus [4]. Space-time 
noncommutativity also arises naturally when the dynamics of open strings attached to a D2-brane in a 
B field background is considered [jjj: in such a case the open strings act as dipoles of U (1) gauge field 
of the brane and their scattering amplitudes in the low energy limit are properly described by a Super 
Yang-Mills gauge theory defined on a noncommutative two-torus with deformation parameter 9 identified 
with the B field [6]. More generally, gauge theories on tori with magnetic flux and twisted models can 
be reformulated in terms of noncommutative gauge theories. One motivation for the relevance of such 
theories is that the notion of space-time presumably has to be modified at very short distances so that 
the effect of the granularity of the space can be taken into account. 

A significant feature of NCFT is the celebrated Morita duality between noncommutative tori [7] . This 
duality is a powerful mathematical result that establishes a relation, via an isomorphism, between two 
noncommutative algebras. In principle it was introduced as a resolution to certain paradoxes which arise 
in the context of the reconstruction of topological spaces from C*-algebras [7J. Of particular importance 
are the algebras defined on the noncommutative torus, where it can be shown that Morita equivalence 
holds if the corresponding sizes of the tori and the noncommutative parameters are related in a specific way 
[8]. Several results have been established in the literature about the Morita equivalence of NCFT but 
principally focused on noncommutative gauge theories and describing mostly classical or semiclassical 
aspects of them [9] . Indeed Morita duality of gauge theories on noncommutative tori is a low energy 
analogue of T-duality of the underlying string model [10j|llj; when combined with the hypothesis of 
analiticity as a function of the noncommutativity parameter, it gives information about singular large- iV 
limits of ordinary U(N) gauge theories [12] . Nevertheless another point of view can be usefully developed 
in order to establish a correspondence between NCFT and well known standard field theories. Indeed, 
for special values of the noncommutativity parameter, one of the isomorphic theories obtained by using 
the Morita equivalence is a commutative field theory on an ordinary space [IB] [2] [H] • 

Here we follow this line and concentrate on a particular conformal field theory (CFT), the one obtained 
via m-reduction technique [T] , which has been recently applied to the description of a quantum Hall fluid 
(QHF) at Jain [16] [TJJ as well as paired states fillings [18] [19] and in the presence of topological defects 
[20] [21] [22] ; by using Morita duality we build up the essential ingredients of the corresponding NCFT. In 
such a context the granularity of the space is due to the existence of a minimum area which is the result 
of a fractionalized magnetic flux. The m-reduction technique is based on the simple observation that, for 
any CFT (mother), a class of sub-theories exists, which is parameterized by an integer m with the same 
symmetry but different representations. The resulting theory (daughter), called Twisted Model (TM), has 
the same algebraic structure but a different central charge c m = mc. Its application to the physics of the 
QHF arises by the incompressibility of the Hall fluid droplet at the plateaux, which implies its invariancc 
under the VFi+oo algebra at different fillings [23 , and by the peculiarity of the m-reduction procedure 
to provide a daughter CFT with the same VFi+oo invariance property of the mother theory [16] [17j. 
Thus the m-reduction furnishes automatically a mapping between different incompressible plateaux of 
the QHF. The characteristics of the daughter theory is the presence of twisted boundary conditions on 
the fundamental fields, which coincide with the conditions required by the Morita equivalence for a class 
of NCFT. Here the noncommutativity of the spatial coordinates appears as a consequence of the twisting. 
As a result, the m-reduction technique becomes the image in the ordinary space of the Morita duality. 
Furthermore the Moyal algebra, which characterizes the NCFT, has a natural realization in terms of 
Generalized Magnetic Translations (GMT) within the m-reduced theory when we refer to the description 
of a QHF at Jain fillings v = 2 ™ +1 [TB][T7]. In this paper we show how the m-reduction procedure 
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induces a CFT which is the Morita equivalent of a NCFT by making explicit reference to the physics of 
a QHF at Jain fillings. We point out that in the last years there have been many investigations on the 
relationship between noncommutative spaces and QHF: in all such studies noncommutativity is related 
to the finite number N e of electrons in a realistic sample via the rational parameter 9 oc -jk-, which 
sets the elementary area of nonlocality [23] [25] [SB] [27] . In this context the (9-dependence of physical 
quantities is expected to be analytic near (9 = 12] because of the very smooth ultraviolet behaviour 
of noncommutative Chern-Simons theories [28] ; as a consequence the effects of the electron's granularity 
embodied in 9 can be expanded in powers of 9 via the Seiberg-Witten map [4] and then appear as 
corrections to the large- N results of field theory. Our approach is quite different: the noncommutativity 
is present at field theory level and constrains the structure of the theory already in the large- N limit. It 
can be ascribed to a residual noncommutativity for large numbers of electrons which group in clusters 
of finite m. That introduces a new relationship between noncommutative spaces and QHF and paves 
the way for further investigations on the role of noncommutativity in the physics of general strongly 
correlated many body systems [2] . 

The paper is organized as follows. 

In Section 2, we review the main steps to be performed in order to get a m-reduced CFT on the 
plane [T] and then we briefly recall the description of a QHF at Jain fillings v = 2p m+i as a resu ff of the 
m-reduction procedure [16j [17] . 

In Section 3, we explicitly build up the Morita equivalence between CFTs in correspondence of rational 
values of the noncommutativity parameter 9 with an explicit reference to the m-reduced theory describing 
a QHF at Jain fillings. Indeed we clearly show that there is a well defined isomorphism between the fields 
on a noncommutative torus and those of a non-abelian field theory on an ordinary space. 

In Section 4, we show in whole generality how the possible states of a QHF on a discrete two-torus 
can be classified in terms of the coset SL(2, Z m ); in this way we underline the relevance of the hidden 
su (m) algebra in classifying the topological excitations of the QHF. 

In Section 5, we further clarify the deep relationship between m-reduction procedure and Morita 
equivalence by showing how the NCFT properties can be obtained from a generalization of the ordinary 
magnetic translations in a QHF context [29] . 

In Section 6, some comments and outlooks of this work are given. 



2 The m-reduction procedure 

In this Section we review the basics of the m-reduction procedure on the plane (genus g = 0) pQ and then 
we show briefly how it works, referring to the description of a QHF at Jain fillings v = 2p m+i 021P2]- 

In general, the m-reduction technique is based on the simple observation that for any CFT (mother) 
exists a class of sub-theories parameterized by an integer m with the same symmetry but different 
representations. The resulting theory (daughter) has the same algebraic structure but a different central 
charge c m = mc. In order to obtain the generators of the algebra in the new theory we need to extract 
the modes which are divided by the integer m. These can be used to reconstruct the primary fields of 
the daughter CFT. This technique can be generalized and applied to any extended chiral algebra which 
includes the Virasoro one. Following this line one can generate a large class of CFTs with the same 
extended symmetry but with different central extensions. It can be applied in particular to describe 
the full class of Wess-Zumino-Witten (WZW) models with symmetry su(2) , obtaining the associated 
parafermions in a natural way or the incompressible VFi+oo minimal models [23] with central charge 
c = m. Indeed the m-reduction preserves the commutation relations between the algebra generators but 
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modify the central extension (i.e. the level for the WZW models). In particular this implies that the 
number of the primary fields gets modified. 

The general characteristics of the daughter theory is the presence of twisted boundary conditions 
(TBC) which are induced on the component fields and are the signature of an interaction with a localized 
topological defect. It is illuminating to give a geometric interpretation of that in terms of the covering 
on a m-sheeted surface or complex curve with branch-cuts, see for instance Figs. 1, 2 for the particular 
case m — 2. 




Figure 1: The edge of the 2-covered cylinder can be viewed as a separation line of two different domains 
of the 2-reduced CFT. 

Indeed the fields which are defined on the left domain of the boundary have TBC while the fields 
defined on the right one have periodic boundary conditions (PBC). When we generalize the construction 
to a Riemann surface of genus g = 1, i. e. a torus, we find different sectors corresponding to different 
boundary conditions on the cylinder, as shown in detail in Refs. [U][TH]- Finally we recognize the 
daughter theory as an orbifold of the usual CFT describing the QHF at a given plateau. 



The physical interpretation of such a construction within the context of a QHF description is the 
following. The two sheets simulate a two-layer quantum Hall system and the branch cut represents TBC 
which emerge from the interaction with a localized topological defect on the edge [20] [21] [22] . Let us also 
notice that the m-reduction procedure was first applied to 2D quantum gravity as a way to reinforce the 
so called string constraints for the solutions [30] . 

Let us now briefly summarize the m-reduction procedure on the plane pQ, which has been recently 
applied to the description of a quantum Hall fluid (QHF) at Jain [TB] as well as non standard fillings [15] , 
Its generalization to the torus topology has been given in Refs. [T7|[T5]- The starting point is described 
by a CFT with c = 1, in terms of a scalar chiral field compactified on a circle with general radius R 2 
(R 2 = 1 for the Jain series [16] while R 2 = 2 for the non standard one [IB]). Then the m(1) current is 
given by J{z) = id z Q{z), where Q(z) is the compactified Fubini field with the standard mode expansion: 




Figure 2: The local branched plane. 




(1) 



n#0 



4 



where a n , q and p satisfy the commutation relations [a„,a„<] = n5 n>n i and [q,p] — i. The primary fields 
are expressed in terms of the vertex operators U as (z) =: e la =Q( z ) • with a s = -ft (s = 1, ...,R 2 ) and 

2 

conformal dimension h = 

Starting with the set of fields in the above CFT and using the m-reduction procedure, which consists 
in considering the subalgebra generated only by the modes in Eq. (fTJ), which are multiple of an integer 
m, we get the image of the twisted sector of a c = to orbifold CFT (i. e. the TM), which describes the 
Lowest Landau Level (LLL) dynamics of the new filling in the QHF context. In this way the fundamental 
fields are mapped into to twisted fields which are related by a discrete abelian group. Indeed the fields in 
the mother CFT can be factorized into irreducible orbits of the discrete Z m group, which is a symmetry 
of the TM, and can be organized into components, which have well defined transformation properties 
under this group. To compare the orbifold so built with the c — m CFT, we use the mapping z —> z 1 /™ 
and the isomorphism, defined in Ref. pQ, between fields on the z plane and fields on the z m covering 
plane given by the following identifications: a„ m +; — ► ^/ma n+ i/ m , q — ► ^=9- 

We perform a "double" m-reduction which consists in applying this technique into two steps. 

1) The m-reduction is applied to the Fubini field Q(z). That induces twisted boundary conditions on 
the currents. It is useful to define the invariant scalar field: 

m 

X(z) = -Y t Q^z), (2) 

3=1 

where e- 7 = e l ~^~ , corresponding to a compactified boson on a circle with radius now equal to R\ = R 2 /m. 
This field describes the 17(1) electrically charged component of the new filling in a QHF description. 

On the other hand the non-invariant fields defined by 

m 

<jy>(z) = Q(e>z) - X(z), £ #>(z) = (3) 

3=1 

naturally satisfy twisted boundary conditions, so that the J[z) current of the mother theory decomposes 
into a charged current given by J{z) — id z X(z) and m — 1 neutral ones d z (j> , {z) |16j . 

2) The m-reduction applied to the vertex operators U a ' (z) of the mother theory also induces twisted 
boundary conditions on the vertex operators of the daughter CFT. The discrete group used in this case 
is just the m-ality group which selects the neutral modes with a complementary cut singularity, which is 
necessary to reinforce the locality constraint. 

The vertex operator in the mother theory can be factorized into a vertex that depends only on the 
X(z) field: 

U a °{z) = z^^ 11 : e Ms x{z) : (4) 
and in vertex operators depending on the (^(z) fields. It is useful to introduce the neutral component: 

l — m rrt 

Mz) = e j : e l ^ (2) : (5) 

m ^-^ 

3 = 1 

which is invariant under the twist group given in 1) and has m-ality charge 1 = 1. Then, the new primary 
fields are the composite vertex operators V aB (z) = W a< (z)ipi(z), where ipi are the neutral operators with 
m-ality charge I. 
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From these primary fields we can obtain the new Virasoro algebra with central charge c = m which 
is generated by the energy-momentum tensor T(z). It is the sum of two independent operators, one 
depending on the charged sector: 

T x {z) = - l -:{d z X{z)f: (6) 
with c = 1 and the other given in terms of the Z m twisted bosons ft (z) : 

W = - 2 E : d z ft\z)d z ft\z) : + "-^— 2 (7) 



with C = 771 — 1. 

Let us notice here that, although the daughter CFT has the same central charge value, it differs in 
the symmetry properties and in the spectrum, depending on the mother theory we are considering (i.e. 
for Jain or non standard series in the case of a QHF). 

Let us now focus on the description of a QHF at Jain fillings in terms of vertex operators and review 
the main results of m- reduction procedure in order to classify its excitations. The starting point is a 
CFT with c = 1, in terms of a scalar chiral field compactified on a circle with radius R 2 = 1. Then the 
U(l) current is given by J(z) — id z Q(z), where Q(z) is the compactified Fubini field given in Eq. ([XJ) . 
The primary fields are expressed in terms of the vertex operators U as {z) —: e la »Q( z ) ■ with s = 1 and 
conformal dimension h = h. The dynamical symmetry is given by the I-Fi+oo algebra [3T] with c = 1, 
whose generators are simply given by a power of the current J(z). By using the m- reduction procedure, 
we get the image of the twisted sector of a c = m orbifold CFT which has U(l)xSU(m)i as extended 
symmetry and describes the QHF at the new general filling v — 2p m+i • ^ n or der to do so, we factorize 
the fields into two parts, the first is the cx = 1 charged sector with radius R\ = pm+ , the second 
describes neutral excitations with total conformal central charge = m — 1 for any p G N |16j . 

In order to obtain a pure holomorphic wave function we have to consider the correlator of the TM 
primary fields, which are the composite vertex operators V a " (z) = U as (z)tpi (z) Q with conformal dimen- 
sion: 

l 2 a f m — a\ „ „ ,„ . 

h i = o—fi ' l = l,2,...,m(2pm+l); (8) 

2m ( 2pm + 1) 2 \ m J 

they describe excitations with electric charge q e = 2p m+i anc ^ magnetic charge q m = I in units of 
— . There exist also integer charge quasi-particles (termed a-electrons), with half integer (or integer) 
conformal dimension given by: 

hi = a 2 p+—, l = (2pm+l)a; a=l,2,...,m. (9) 

In particular the electrons are obtained in correspondence of q e = 1 and q m = 2pm + 1, while the other 
2pm primary fields correspond to anyons. 

The spectrum just obtained follows from the construction of the Virasoro algebra with central charge 
c = m (see Eqs. ©-([7])). We should point out that m-ality in the neutral sector is coupled to the charged 
one exactly, as it was derived in Refs. [32] [23] according to the physical request of locality of the electrons 
with respect to the edge excitations. Indeed our projection, when applied to a local field (namely the 
electron field in the case of filling factor v — 1), automatically couples the discrete Z m charge of U(l) 
with the neutral sector in order to give rise to a well defined, i. e. single valued, composite field. Let us 
also notice that the m-electron vertex operator does not contain any neutral field, so its wave function is 
realized only by means of the cx = 1 charged sector: we deal with a pseudoparticle with electric charge 
m and magnetic charge 2pm + 1 . The above construction has been generalized to the torus topology as 
well [17], confirming the picture just outlined for the spectrum of excitations of a QHF at Jain fillings. 



^ipl are the neutral operators associated with representations of m-ality I of SU(m)i j 16] . 
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3 General isomorphism between NCFTs and CFTs: Morita du- 
ality at work 



In this Section we exploit the crucial issue of Morita equivalence on noncommutative tori for rational 
values of the noncommutativity parameter 9. That allows us to build up a general isomorphism between 
NCFTs and CFTs on the ordinary space. We will make an explicit reference to the m-reduced theory 
describing a QHF at Jain fillings, recalled in Section 2. We obtain two main results: i) from a theoretical 
perspective, a new characterization of the TO-reduction procedure is derived, as the image in the ordinary 
space of Morita duality; ii) from a more applicative perspective, a new relationship emerges between 
noncommutativity and QHF physics. 

The Morita equivalence [7] [9] is an isomorphism between noncommutative algebras that conserves all 
the modules and their associated structures. Let us consider an U(N) NCFT defined on the noncommu- 
tative torus Tg and, for simplicity, of radii R. The coordinates satisfy the commutation rule [xi,:^] = iO 
[3]. In such a simple case the Morita duality is represented by the following SL(2,Z) action on the 
parameters: 

e' = ^^; R=\c9 + d\R, (10) 

c9 + a 

where a, b, c, d are integers and ad — be = 1. 

For rational values of the non commutativity parameter, 9 = — K so that c6 + d = ^, the Morita 
transformation (TIT)]) sends the NCFT to an ordinary one with 9=0 and different radius R = — , 
involving in particular a rescaling of the rank of the gauge group [13J [14] [15] [T2] . Indeed the dual theory 
is a twisted U(N ) theory with TV = aN. The classes of 9 = theories are parametrized by an integer 
m, so that for any to there is a finite number of abelian theories which are related by a subset of the 
transformations given in Eq. (|10|) . Such observation is a crucial one and allows us to make the following 
fundamental statement. 

The TO-reduction technique applied to the QHF at Jain fillings [y = 2p m+i ) can ^ e y i ewe d as the 
image of the Morita map (characterized by a = 2p(m — 1) + 1, b = 2p, c = m — 1, d = 1) between the two 
NCFTs with 9=1 and 9 = 2p+ — respectively and corresponds to the Morita map in the ordinary space. 
The 9 = 1 theory is an U (1) 0=1 NCFT while the mother CFT is an ordinary U (1) theory; furthermore, 
when the U (l) g=2p+ j_ NCFT is considered, its Morita dual CFT has U (to) symmetry. As a consequence, 
the following correspondence Table between the NCFTs and the ordinary CFTs is established: 

Morita 

(a = 1,6= -l,c= 0,d= 1) 
Morita J, (a, b, c, d) to — reduction | (11) 

Morita 

U (l) 0=2p+ _L -> U [m) g=0 

(a = to, b = —2pm — 1, c = 1 — to, d = 2p (m — 1) + 1) 

This is the main result of the paper. 

For more general commutativity parameters 9 = -2- such a correspondence can be easily extended. 
Indeed the action of the TO-reduction procedure on the number q doesn't change the central charge of the 
CFT under study but modifies the compactification radius of the charged sector [H][T7]. Nevertheless 
in this paper we are interested to the action of the Morita map on the denominator of the parameter 
9 which has interesting consequences on noncommutativity, so in the following we will concentrate on 
such an issue. The generalization of the Morita map to different rational noncommutativity parameters, 
and at the same time to the physics of QHF at different filling factors, will be the subject of a future 
publication [55] , 
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In order to show that the m-reduction technique applied to the QHF at Jain fillings is the image 
of the Morita map between the two NCFTs with 9—1 and 9 = 2p + respectively and corresponds 
to the Morita map in the ordinary space it is enough to show how the twisted boundary conditions on 
the neutral fields of the m-reduced theory (see Section 2) arise as a consequence of the noncommutative 
nature of the U {l) e=2p+ ± NCFT. 

In order to carry out this program let us recall that an associative algebra of smooth functions over 
the noncommutative two-torus T 2 , can be realized through the Moyal product ([jci,^] = 



f (x)*g (x) = exp ( — (d xl d V2 - d X2 d yi ) ) / (x)g(y) 



(12) 



y=x 



It is convenient to decompose the elements of the algebra, i. e. the fields, in their Fourier components. 
However a general field operator $ defined on a torus can have different boundary conditions associated 
to any of the compact directions. For the torus we have four different possibilities: 



$(ari + R,x 2 ) =e 2 - Kia ^(xx,x 2 ), $(xi,x 2 +R) = e 27riQ2 $ (x x , x 2 ) 



(13) 



where a\ and a 2 are the boundary parameters. The Fourier expansion of the general field operator 
with boundary conditions a = (ai, a 2 ) takes the form: 



^ n + a 



(14) 



where we define the generators as 



Ujf = exp 2ni 



R 



They give rise to the following Moyal commutator 

'2n 2 9 



= — 2i sin 



R? 



Cn + ~ct) A ( n' + a' )) -» 



(15) 



(16) 



where p A q = EijPiqj. 

When the noncommutativity parameter 9 takes the rational value 9 = — §- , being q and m relatively 
prime integers, the infinite-dimensional algebra generated by the U^* + -g breaks up into equivalence classes 
of finite dimensional subspaces. Indeed the elements U m -^* generate the center of the algebra and that 
makes possible for the momenta the following decomposition: 



< ni, n% < m — 1. 



(17) 



The whole algebra splits into equivalence classes classified by all the possible values of mn, each class 
being a subalgebra generated by the m 2 functions Uj* + -^ which satisfy the relations 



U- r 



-o' n'+a' 



2isin ^— [~n + ~a) A (n' + a'^ 



n -\- a -\-a 



(18) 



The algebra (|18p is isomorphic to the (complexification of the) U (m) algebra, whose general m-dimensional 
representation can be constructed by means of the following " shift" and " clock" matrices [33] [35] [35] : 



/ 1 



Q 



(° 1 
V i 



1 

o / 



(19) 



8 



being e = exp(-^p). So the matrices = e" 1 ™ 2 Q ni P™ 2 , m,n 2 — 0, ...,m— 1, generate an algebra 
isomorphic to (fT5|) : 

J^, J— >] = — 2isin (ir—lt A n'^j J_> — >. (20) 

Thus the following Morita mapping has been realized between the Fourier modes defined on a noncom- 
mutative torus and functions taking values on U (to) but defined on a commutative space: 

2ttP ^ J <— > exp ^27rz ^ J J^+s . (21) 

As a consequence a mapping between the fields is generated as follows. Let us focus, for simplicity, on 
the case q = 1 which leads for the momenta to the decomposition ~n = mn + j , with < ji,j 2 < to. 
The general field operator on the noncommutative torus Tg with boundary conditions a can be 
written in the form: 

= ^7rim--^-J £ ^7+7?- ( 22 ) 

By using Eq. (f2"Tj) we obtain the Morita correspondence between fields as: 

m'-l 

— * = E^^' (23) 

7=o 

where we have defined: 

= exp ilixi ( J + " ) ^ \ $ ™ .7 exp Umm^— — ) . (24) 



The field $ is defined on the dual torus with radius R' = -A and satisfies the boundary conditions: 

$(6 + R',x 2 )=flt •*(9,x 2 )-Sli, $(6,x 2 +R') = ni ■$ (9,X2)-n 2 , (25) 

with 

fii - P b , ^ 2 = Q 1/9 , (26) 

where 6 is an integer satisfying am — bq = 1. While the field components x^ J ' satisfy the following 
twisted boundary conditions: 

X 00 (0 + P', ar a ) = e>*iVx+<*i)/™ x (7) (0, X2 ) 
X ( J ) {6,x 2 + R') = e 2 "^ 2+a2 )/ m x( J ) (0,x 2 ) 

that is 

Ji + "i j 2 + at 2 \ . , . 

, , 5i = 0,...,m- 1, j 2 = 0,...,m- 1. (28) 

to my 

Let us observe that j = (0,0) is the trace degree of freedom which can be identified with the U(l) 
component of the matrix valued field or the charged component within the TO-reduced theory of the QHF 
at Jain fillings introduced in Section 2. We infer that only the integer part of ^ should really be thought 
of as the momentum. The commutative torus is smaller by a factor to x to than the noncommutative 
one; in fact upon this rescaling also the "density of degrees of freedom" is kept constant as now we are 
dealing with to x to matrices instead of scalars. 
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Let us now summarize what we have learnt. When the parameter 9 is rational we recover the whole 
structure of the noncommutative torus and recognize the twisted boundary conditions which characterize 
the neutral fields ([3]) of the m-reduced theory as the consequence of the Morita mapping of the starting 
NCFT (U (l) g=2 p+±. m our cas c) on the ordinary commutative space. Indeed x*' 0,0 '' corresponds to the 

charged X field while the twisted fields 3 ' ) with j ^ (0, 0) should be identified with the neutral ones 
([3]) . Therefore the m-reduction technique can be viewed as a realization of the Morita mapping between 
NCFTs and CFTs on the ordinary space, as sketched in the Table In the following Sections we 

further clarify such a correspondence by making an explicit reference to the QHF physics at Jain fillings. 
In particular we will recognize the generalized magnetic translations as a realization of the Moyal algebra 
defined in Eq. (JTSJ). 



4 Noncommutative geometry from ra-reduction 

In this Section we study in detail how the m-reduction technique is the image on the ordinary space of 
the Morita duality. In order to shed further light on such a correspondence let us follow the main steps 
of the procedure and extract the properties which are relevant for noncommutativity. 

As shown in Section 2, the modes of the m-reduced theory on the plane naturally split into two 
subsets: the first, built up with indices which divide by the integer m, is the new affinization of the 
operator algebra while the second, built up with the modes indexed by j = 1, m — 1, is defined on a 
discrete version of the circle and gives rise to the new zero modes. That corresponds to the following 
decomposition of the \z\ = 1 circle (parametrized by the phase variable a): 

Si x S\ (29) 

where = ^-Z m is a discrete version of the circle. Within a first quantization scheme we may introduce 
the conjugate variable a = id a which can be viewed as a momentum and takes values in the dual lattice 
Z m x Z . The following usual commutation relation between conjugate variables holds: 

[a,a]=i, (30) 

which makes transparent the identification with the physics of a two-dimensional QHF. Indeed the pa- 
rameter space is the discrete two-torus T 2 = x Z m , representing positions and momenta of a particle 
on a circle made of m points given by the angles 0, — , !l! ■ A realization of the generators of the 
su(m) algebra on such a space (T 2 ) can be easily obtained in terms of the two following fundamental 
translations: 

J jli0 = zi\ J , h = , (31) 

where e = e %2 ^ . They correspond to the position and the momentum respectively and define a projective 
representation of the abelian group of translations on the discrete two-torus T 2 . Indeed the m 2 — 1 general 
operators: 

J -e^^M' 5 ji,j2 = 0,...,m-l 

satisfy the commutation relations of the su(m) algebra. 

Such a realization is relevant for the study of the properties of the QHF wave function and can be 
obtained by means of the restriction to the discrete space of the symmetry algebra VFi+oo of area preserv- 
ing diffeomorphisms of the two-torus in the continuum. So, let us summarize its basic properties which 
will be useful in the following. Let us start by recalling that the elements of the modular group SL(2, Z) 
can be defined on the discrete two-torus T 2 with rational coordinates sharing the same denominator m: 
(n, I) = (— , £ T 2 , where ji,j2,m £ Z; in particular the modi action becomes a modm action on the 
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equivalent two- torus (n,l) € mT 2 . That allows us to define the relevant discrete subgroup of the group 
of area preserving diffeomorphisms of the continuous two-torus as the coset SL(2, Z m ) = ^rfmf^ ' wnere 
r (m) is the set of matrices g S SL(2, Z) such that g — ±7 modm. The main property is the following. 

For m prime and integer, the generators (|32p of su(m) are a single irreducible representation under 
SL(2, Z m ). Indeed the action of SL(2, Z m ) on such generators, for instance Ji t o, is defined as: 

Jh,h=V(9)Ji,oV- 1 (9), (33) 
where the matrix g G SL(2, Z m ) (det g = lmodm) acts upon the vector (1, 0) as: 

(*)-(::)(*)■ 

Thus, the subgroup S" m , built of matrices of the kind 

(J{), (35) 

is the stability group for the vector (1,0), so that the number of SL ^ Zm ^> equivalence classes coincides 
with m 2 — 1, i. e. the number of generators of the su{m) algebra. 

For m arbitrary, such that m = Yit=i m 7 i an< ^ TO » P r i me ) we get SL(2,Z m ) — ® s i=1 SL{2, Z m ^i) and 
^21—1 n-i independent orbits are obtained. 

The main result is that all the possible states of the QHF on the discrete two-torus can be classified in 
terms of the coset SL(2, Z m ) — ^w§^ ■ As a consequence, the ordinary space of CFTs obtained through 
the Morita map shown in Table (jTTJ) acquires such a structure and the conformal fields (|24|) (i. e. ([3|)) 
defined on it gain twisted boundary conditions (see Section 3). 



5 Generalized magnetic translations as a realization of Moyal 
algebra 

In this Section we will make explicit reference to the m-reduced theory for a QHF at Jain fillings and to 
the issue of GMT on a torus in order to identify in such a context a realization of the Moyal algebra. 

Let us recall that all the relevant topological effects in the QHF physics, such as the degeneracy 
of the ground state wave function on a manifold with non trivial topology, the derivation of the Hall 
conductance an as a topological invariant and the relation between fractional charge and statistics of 
anyon excitations 37][38 j; can be made very transparent by using the invariance properties of the wave 
functions under a finite subgroup of the magnetic translation group for a N e electrons system. Indeed 
their explicit expressions as the Verlinde operators [39j . which generate the modular transformations in 
the c = 1 CFT, are taken as a realization of topological order of the system under study [40]. In particular 
the magnetic translations built so far [25J act on the characters associated to the highest weight states 
which represent the charged statistical particles, the anyons or the electrons. 

In our CFT representation of the QHF at Jain fillings [TB] [Uj we shall see that the Moyal algebra 
defined in Eq. (fl~8|) has a natural and beautiful realization in terms of GMT. We refer to them as 
generalized ones because the usual magnetic translations act on the charged content of the one point 
functions [25]. Instead, in our TM model for the QHF (see Section 2 and Refs. [T7], [T5J) the primary fields 
(and then the corresponding characters within the torus topology) appear as composite field operators 
which factorize in a charged as well as a neutral part. Further they are also coupled by the discrete 
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symmetry group Z m . Then, in order to show that the characters of the theory are closed under magnetic 
translations, we need to generalize them in such a way that they will appear as operators with two factors, 
acting on the charged and on the neutral sector respectively. 

Let us also recall that the incompressibility of the quantum Hall fluid naturally leads to a Wi +00 
dynamical symmetry [31], [41] . Indeed, if one considers a droplet of a quantum Hall fluid, it is evident 
that the only possible area preserving deformations of this droplet are the waves at the boundary of the 
droplet, which describe the deformations of its shape, the so called edge excitations. These can be well 
described by the infinite generators W™ t +1 of Wi+oo of conformal spin (n + 1), which are characterized 
by a mode index m £ Z and satisfy the algebra: 

W% + \ W^, +1 ] = (n'm - nm')W^+ n m , + q(n, n', m, m')W^+ n m 7 2 + ... + d(n, m)cS n < n ' 5 m+m , =0 , (36) 

where the structure constants q and d are polynomials of their arguments, c is the central charge, and 
dots denote a finite number of similar terms involving the operators W^J^T 21 [31] [41]. Such an algebra 
contains an Abelian U(l) current for n = and a Virasoro algebra for n — 1 with central charge c. 
It encodes the local properties which are imposed by the incompressibility constraint and realizes the 
allowed edge excitations [42]. Nevertheless algebraic properties do not include topological properties 
which are also a consequence of incompressibility. In order to take into account the topological properties 
we have to resort to finite magnetic translations which encode the large scale behaviour of the QHF. 

Let us consider a magnetic translation of step (n = ?ii+m2, n = nx — in-i) on a sample with coordinates 
x\,X2 and define the corresponding generators T n ' n as: 

where b + = — i-j^, b — id^ + i-jw, a; is a complex coordinate (uj being its conjugate) and B is the 
transverse magnetic field. They satisfy the relevant property: 

rpn^nrjim^m ^— ny ^ m rpn+ra .n+rn (38) 

where q is a root of unity. 

Furthermore, it can be easily shown that they admit the following expansion in terms of the generators 
W l k z\ of the Wi +OQ algebra: 

00 f, ; 

T^ = e-^J2n l ^^_Wt-_\, (39) 

k,l=0 

where now the local Wi +00 symmetry and the global topological properties are much more evident because 
the coefficients in the above series depend on the topology of the sample. 

Within our m-reduced theory for a QHF at Jain fillings [TBJJT7], introduced in Section 2, it can 
be shown that also magnetic translations of step (n, n) decompose into equivalence classes and can be 
factorized into a group, with generators T c ' , which acts only on the charged sector as well as a group, 

with generators TP J , acting only on the neutral sector [33j ■ The presence of the transverse magnetic field 
B reduces the torus to a noncommutative one and the flux quantization induces rational values of the 
noncommutativity parameter 9. As a consequence the neutral magnetic translations realize a projective 
representation of the su (m) algebra generated by the elementary translations: 

Ja.b = e- 2 ^T a /Tl' h - a,b=l,...,m, (40) 
which satisfy the commutation relations: 

[J a ,b, J a ,/3] = -2i sin (a/3 - ba)^j J a+a ^ +l3 . (41) 
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Let us notice that the su (m) generators introduced in Eq. (l32|) coincide with the GMT ones ([40)) ; in this 
context Eq. (|3"3"]) gives the action of the modular group on the GMT generators and clarifies the relevance 
of the hidden su (m) algebra in classifying the topological excitations of the QHF. 

The GMT operators above defined (see Eqs. (f3"T)) and (|40[) ) are a realization of the Moyal operators 
introduced in Eq. (fT5"]) and the algebra defined by Eq. (T4"T1) is isomorphic to the Moyal algebra given 
in Eqs. (fl~8|) and (|20[) . Such operators generate the residual symmetry of the m-reduced CFT which is 
Morita equivalent to the NCFT with rational non commutativity parameter 9 = 2p + — . Furthermore 
they can be identified with the su (m) twist eaters matrices T a which generate the Weyl-t'Hooft algebra 

r a r b = e 2 ' iQ ^ m T b r a , (42) 

where Q is the matrix of nonabelian su(m) t'Hooft fluxes through the non trivial cycles of the torus. 
In this way the structure of GMTs within the m-reduced CFT describing the physics of a QHF at Jain 
fillings coincides with that of the su ^ m ^ sector of a general U (m) gauge theory. Indeed noncommutativity 
makes the U (1) and SU (m) sectors of the decomposition: 

U{m) = U(1)x ?ILM (43 ) 

Am 

not decoupled because the U (1) photon interacts with the SU (in) gluons [44]. Finally, the U(l) sector 
could be identified also with the center of mass coordinate of a system of m Z?-branes and it represents 
the interactions of the short open string excitations on the D-branes with the bulk supergravity fields 
[5] [6]. For a vanishing background £> -field, the closed and open string dynamics decouple and one is left 
with an effective SU (m) gauge theory, while this is no longer true for B ^ 0. 



6 Conclusions and outlooks 

In conclusion, let us summarize what we have learnt and outline the perspectives opened by this work. 

The Morita equivalence gives rise to an isomorphism between noncommutative algebras but, in the 
special case of a rational noncommutativity parameter 9, one of the isomorphic theories is a commutative 
one [T3] [2] [TS] . In this paper we have shown by means of the Morita equivalence that a NCFT with 
9 = 2p+^ is mapped to a CFT on an ordinary space. We identified such a CFT with the m-reduced CFT 
developed in [H][T7] for a QHF at Jain fillings, whose neutral fields satisfy twisted boundary conditions. 
In this way we gave a meaning to the concept of " noncommutative conformal field theory" , as the Morita 
equivalent version of a CFT defined on an ordinary space. The image of Morita duality in the ordinary 
space is given by the m-reduction technique and the Moyal algebra which reflects the noncommutative 
nature is realized by means of GMT. Furthermore the GMTs structure coincides with that of the Weyl- 
t'Hooft algebra [3B]. It could be interesting to further elaborate on the relationship between U (m) gauge 
theories and our m-reduction procedure, which emerges through Morita duality in correspondence of 
rational 9 values [45] . 

As a remarkable result, a new relation between noncommutative spaces and QHF physics has been 
established within a perspective which is very different from the ones developed in the literature in 
the last years |2.4 [25j[26_27j. In a more general context a picture emerges on the interplay between 
noncommutativity and the physics of strongly correlated electron systems, which is very different from 
the ones existing in the literature [2] and deserves further investigations. 

The generalization of the Morita map to different rational noncommutativity parameters 9, and at the 
same time to the physics of QHF at paired state filling factors, will be the subject of a future publication 
[33] , That will help us to shed new light also on the connections between a system of interacting D- 
branes and the physics of quantum Hall fluids [46] [47] ■ Recently the twisted CFT approach provided 
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by m-reduction has been successfully applied to Josephson junction ladders and arrays of non trivial 
geometry in order to investigate the existence of topological order and magnetic flux fractionalization in 
view of the implementation of a possible solid state qubit protected from decoherence @8l [49l [50] as well 
as to the study of the phase diagram of the fully frustrated XY model (FFXY) on a square lattice [51]. 
So, it could be interesting to further elucidate the topological properties of Josephson systems with non 
trivial geometry and the consequences imposed by the request of space-time noncommutativity by means 
of Morita mapping. Finally, the generality of the m-reduction technique allows us extend many of the 
present results to D > 2 theories as string and M-theory. 
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